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ALGEBRAIC K-THEORY OF GROUPS WREATH
PRODUCT WITH FINITE GROUPS
S.K. ROUSHON*
Abstract. The Farrell-Jones Fibered Isomorphism Conjecture
for the stable topological pseudoisotopy theory has been proved
for several classes of groups. For example for discrete subgroups
of Lie groups ([4]), virtually poly-infinite cyclic groups ([4]), Artin
braid groups ([6]), a class of virtually poly-surface groups ([14])
and virtually solvable linear group ([5]). We extend these results
in the sense that if G is a group from the above classes then we
prove the conjecture for the wreath product G ≀ H for H a finite
group. The need for this kind of extension is already evident in [6],
[13] and [14]. We also prove the conjecture for some other classes
of groups.
1. Introduction
In this article we are mainly concerned about the Fibered Isomor-
phism Conjecture for the stable topological pseudoisotopy theory. We
extend some existing results and also prove the conjecture for some
other classes of groups. Finally we deduce a corollary for the Isomor-
phism Conjecture for the algebraic K-theory in dimension ≤ 1 (see
Corollary 2.3).
Before we state the theorem let us recall that given two groups G
and H the wreath product G ≀H is by definition the semidirect product
GH ⋊H where the action of H on GH is the regular action.
Theorem 1.1. The Fibered Isomorphism Conjecture for the stable
topological pseudoisotopy theory is true for the group G ≀H where H is
a finite group and G is one of the following groups.
(a). Virtually polycyclic groups.
(b). Virtually solvable subgroups of GLn(C).
Date: June 22, 2006. Final revision on January 31, 2007.
2000 Mathematics Subject Classification. primary: 19D55. secondary: 57N37.
Key words and phrases. fibered isomorphism conjecture, 3-manifold groups, dis-
crete subgroup of Lie group, poly-Z groups, braid groups.
*This work was done during the author’s visit to the Mathematisches Institut,
Universita¨t Mu¨nster under a Fellowship of the Alexander von Humboldt-Stiftung.
1
2 S.K. ROUSHON
(c). Cocompact discrete subgroups of virtually connected Lie groups.
(d). Artin full braid groups.
(e). Weak strongly poly-surface groups (see Definition 4.1).
(f). Extensions of closed surface groups by surface groups.
(g). pi1(M)⋊ Z, where M is a closed Seifert fibered space.
Proof. See Corollary 2.2 and Remark 2.1. 
(In the notation defined in Definition 2.1 the Theorem says that the
FICP
H?
∗
VC
is true for G ≀H or equivalently the FICwFPH
?
∗
VC
is true for G.)
The FICwFP
H?
∗
VC
was proved for 3-manifold groups in [13] and [14]
and for the fundamental groups of a certain class of graphs of virtually
poly-cyclic groups in [15].
For the extended Fibered Isomorphism Conjecture FICwFP
H?
∗
VC
we
deduce the following proposition using (a) of Lemma 3.4. This result
is not yet known if we replace FICwFP
H?
∗
VC
by FICP
H?
∗
VC
(see 5.4.5 in [9]
for the question).
Proposition 1.1. Let G be a group containing a finite index subgroup
Γ. Assume that the FICwFP
H?
∗
VC
is true for Γ. Then the FICwFP
H?
∗
VC
is
true for G.
We work in the general setting of the conjecture in equivariant ho-
mology theory (see [1]). We find out a set of properties which are all
satisfied in the pseudoisotopy case of the conjecture. And assuming
these properties we prove a theorem (Theorem 2.2) for the Isomor-
phism Conjecture in equivariant homology theory. Theorem 1.1 is then
a particular case of Theorem 2.2. We mention in Corollary 2.3 another
consequence of our result for the Isomorphism Conjecture in the alge-
braic K-theory case. We also hope that the general Theorem 2.2 will
be useful for future application.
The methods we use in this paper were developed in [15].
Acknowledgement. The author would like to thank the referee for
carefully reading the paper and for some suggestions.
2. Statement of the general Theorem
We first recall the general statement of the Isomorphism Conjecture
in equivariant homology theory from [1] and also recall some definitions
from [15].
A class C of subgroups of a group G is called a family of subgroups
if C is closed under taking subgroups and conjugations. For a family
of subgroups C of G, EC(G) denotes a G-CW complex so that the
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fixpoint set EC(G)
H is contractible if H ∈ C and empty otherwise.
And R denotes an associative ring with unit.
(Fibered) Isomorphism Conjecture: (see definition 1.1 in [1]) Let
H?∗ be an equivariant homology theory with values in R-modules. Let G
be a group and C be a family of subgroups of G. Then the Isomorphism
Conjecture for the pair (G, C) states that the projection p : EC(G)→ pt
to the point pt induces an isomorphism
HGn (p) : H
G
n (EC(G)) ≃ H
G
n (pt)
for n ∈ Z. And the Isomorphism Conjecture in dimension ≤ k, for
k ∈ Z, states that HGn (p) is an isomorphism for n ≤ k. Finally the
Fibered Isomorphism Conjecture for the pair (G, C) states that given a
group homomorphism φ : K → G the Isomorphism Conjecture is true
for the pair (K, φ∗C). Here φ∗C = {H < K | φ(H) ∈ C}.
From now on let C be a class of groups which is closed under iso-
morphisms, taking subgroups and taking quotients. The class VC of all
virtually cyclic groups has these properties. Given a group G we de-
note by C(G) the class of subgroups of G belonging to C. Then C(G) is
a family of subgroups of G which is also closed under taking quotients.
Definition 2.1. (see definition 2.1 in [15]) If the (Fibered) Isomor-
phism Conjecture is true for the pair (G, C(G)) we say that the (F)ICH
?
∗
C
is true for G or simply say (F)IC
H?
∗
C
(G) is satisfied. Also we say that
the (F)ICwF
H?
∗
C
(G) is satisfied if the (F)IC
H?
∗
C
is true for G ≀ H for all
finite groups H .
Let us denote by PH?∗ and KH
?
∗ the equivariant homology theories
arise in the Isomorphism Conjecture of Farrell and Jones ([4]) corre-
sponding to the stable topological pseudoisotopy theory and the alge-
braic K-theory respectively. For these homology theories the conjec-
ture is identical with the conjecture made in §1.6 and §1.7 in [4]. (See
sections 5 and 6 in [1] for the second case and 4.2.1 and 4.2.2 in [9] for
the first case.)
Note that if the FIC
H?
∗
C
(respectively FICwF
H?
∗
C
) is true for a group G
then the FIC
H?
∗
C
(respectively FICwF
H?
∗
C
) is true for subgroups of G. We
refer to this fact as the hereditary property. Also note that the (F)IC
H?
∗
C
is true for H ∈ C.
Definition 2.2. (see definition 2.2 in [15]) We say that the PH
?
∗
C
-
property is satisfied if for G1, G2 ∈ C the product G1 × G2 satisfies
the FIC
H?
∗
C
.
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In the following the notation A⋊B stands for the semidirect product
of A by B with respect to some arbitrary action of B on A.
Definition 2.3. We define the following notations.
N : The FICwFH
?
∗
VC
is true for pi1(M) for closed nonpositively curved
Riemannian manifolds M .
B : The FICwFH
?
∗
VC
is true for Zn ⋊ Z for all n.
L : If G = limi→∞Gi and the FIC
H?
∗
VC
is true for Gi for each i then
the FIC
H?
∗
VC
is true for G.
Theorem 2.1. B, N and L are satisfied for the FICwFPH
?
∗
VC
.
Proof. See theorem 4.8 in [4] for B, proposition 2.3 in [4] and fact 3.1
in [6] for N and theorem 7.1 in [5] for L. 
Theorem 2.2. (1). B implies that the FICwFH
?
∗
VC
is true for the follow-
ing groups.
(a). Finitely generated virtually polycyclic groups.
(b). Finitely generated virtually solvable subgroup of GLn(C).
In addition if we assume L then we can remove the condition ‘finitely
generated’ from (a) and (b).
(2). B and N together imply that the FICwFH
?
∗
VC
is true for the fol-
lowing groups.
(a). Cocompact discrete subgroups of virtually connected Lie groups.
(b). Artin full braid groups.
(3). B, N and L imply that the FICwFH
?
∗
VC
is true for the following
groups.
(a). Fundamental groups of Seifert fibered and Haken 3-manifolds.
And fundamental groups of arbitrary 3-manifolds if we assume the Ge-
ometrization conjecture.
(b). Weak strongly poly-surface groups (see Definition 4.1).
(c). Extensions of closed surface groups by surface groups.
(d). pi1(M)⋊ Z, where M is a closed Seifert fibered space.
The following Corollary follows using (a) of Lemma 3.4.
Corollary 2.1. Let G be a group containing a finite index subgroup
Γ. Assume that Γ is isomorphic to a group appearing in Theorem 2.2
together with the corresponding hypotheses. Then the FICwF
H?
∗
VC
is true
for G.
Theorem 2.1 and 2.2 together imply the following corollary.
Corollary 2.2. The FICwFP
H?
∗
VC
is true for groups appearing in Theo-
rem 2.2.
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Corollary 2.1 together with Proposition 1.1 and proposition 4.10 in
[9] imply the following for the Isomorphism Conjecture in the algebraic
K-theory case.
Corollary 2.3. Let G be a group which contains a finite index subgroup
Γ so that either Γ is a group appearing in Theorem 2.2 or assume that
the FICwFP
H?
∗
VC
is true for Γ. Then for R = Z the algebraic K-theory
assembly map
HG≀Hn (EVC(G ≀H),KR)→H
G≀H
n (pt,KR)
is an isomorphism for n ≤ 1, where H is a finite group. Or equivalently
the ICwFK
H?
∗
VC
is true for G in dimension ≤ 1 when R = Z.
Here recall that the above map is induced by the map EVC(G≀H)→ pt
and H?n(X,KR) is the standard notation for KH
?
n(X).
Remark 2.1. L is known for many cases, for example see theorem 7.1
in [5] for the FICK
H?
∗
VC
and FICL
H?
∗
VC
and for the FICKH
H?
∗
VC
see theorem
11.4 in [1]. We recall now some results related to N . In [2], ICKH
?
∗
VC
is
proved for the fundamental groups of closed strictly negatively curved
Riemannian manifolds. We have already mentioned in the abstract
that the proof of the FICP
H?
∗
VC
is known for all the groups appearing in
Theorem 2.2 except for those in 3(c) and 3(d) (the precise references
are given during the proof). In case 3(a) FICwFP
H?
∗
VC
is also known. The
main ingredients behind the proof of Theorem 2.2 are Lemmas 3.3 to
3.6.
Remark 2.2. We should remark that the FICP
H?
∗
VC
was proved for cer-
tain class of mapping class groups of surfaces of lower genus in [3]. As-
suming B, N and L and using the methods of this article the FICwFH
?
∗
VC
can also be deduced for these mapping class groups. We leave the de-
tails to the reader.
3. Some preliminary results
Lemma 3.1. [algebraic lemma, [6]] Let K be a finite index normal
subgroup of a group G, then G embeds in K ≀ (G/K).
The following lemma is standard.
Lemma 3.2. (a). Let G be a finite index subgroup of a group K. Then
there is a subgroup G1 < G which is normal and of finite index in K.
(b). In addition if K is finitely presented then there is a subgroup
G1 < G which is characteristic and of finite index in K.
Lemma 3.3. B implies that the PH
?
∗
VC
-property is satisfied.
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Proof. Note that for two virtually cyclic groups C1 and C2, C1 × C2
contains a free abelian (of rank ≤ 2) normal subgroup (say A) of finite
index. Hence by Lemma 3.1 C1×C2 is a subgroup of A≀F for some finite
group F . Therefore B and the hereditary property of the FICwFH
?
∗
VC
completes the proof. 
Lemma 3.4. Assume that the PH
?
∗
VC
-property is satisfied.
(a). Let G be a finite index subgroup of a group K. If the FICwF
H?
∗
VC
is true for G then the FICwF
H?
∗
VC
is also true for K.
(b). Let p : G→ Q be a surjective group homomorphism and assume
that the FICwF
H?
∗
VC
is true for Q, for ker(p) and for p−1(C) for any
infinite cyclic subgroup C of Q. Then G satisfies the FICwF
H?
∗
VC
.
Proof. Note that (a) is same as (2) of proposition 5.2 in [15] with the
only difference that there we assumed G is also normal in K. But this
normality condition can be removed using (a) of Lemma 3.2 and the
hereditary property and then applying (2) of proposition 5.2 in [15].
Also (b) is easily deduced from (a) and (3) of proposition 5.2 in
[15]. Since the hypothesis of (3) of proposition 5.2 in [15] was that the
FICwF
H?
∗
VC
is true for Q and for p−1(C) for any virtually cyclic subgroup
(including the trivial group) C of Q. And by definition a virtually
cyclic group is either finite or contains an infinite cyclic subgroup of
finite index. 
An immediate Corollary of (a) is the following.
Corollary 3.1. If the PH
?
∗
VC
-property is satisfied then the FICwF
H?
∗
VC
is
true for all H ∈ VC.
Lemma 3.5. Assume N and that the PH
?
∗
VC
-property is satisfied. Let M
be one of the following manifolds.
(a). A closed Haken 3-manifold such that there is a hyperbolic piece
in the JSJT decomposition of the manifold.
(b). A compact irreducible 3-manifold with nonempty incompressible
boundary and there is at least one torus boundary component.
(c). A compact surface.
Then the FICwF
H?
∗
VC
is true for pi1(M).
Proof. In (a) by theorem 3.2 in [8] M supports a nonpositively curved
metric. The proof is now immediate.
For (b) let N be the double of M along boundary components of
genus ≥ 2. Then we can again apply theorem 3.2 in [8] to see that
the interior of N supports a complete nonpositively curved metric so
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that near the boundary the metric is a product of flat tori and (0,∞).
Therefore the double of N is a closed nonpositively curved manifold.
Now we can apply the hereditary property to complete the proof.
The proof of (c) also follows by taking the double and using the fact
that a closed surface either has finite fundamental group or supports a
nonpositively curved metric. 
Lemma 3.6. Assume N , L and that the PH
?
∗
VC
-property is satisfied.
Then the followings hold.
(a). The FICwF
H?
∗
VC
is true for countable free groups.
(b). If the FICwF
H?
∗
VC
is true for two countable groups G1 and G2 then
the FICwF
H?
∗
VC
is true for the free product G1 ∗G2.
We recall here that the above lemma was proved in proposition 5.3
and lemma 6.3 in [15] under a different hypothesis.
Proof. For the proof of (a) note that a finitely generated free group is
isomorphic to the fundamental group of a compact surface and hence
(c) of Lemma 3.5 applies. And since an infinitely generated countable
free group is a direct limit of finitely generated free subgroups we can
apply L in addition to (c) of Lemma 3.5 to complete the proof.
For the proof of (b) consider the following short exact sequence.
1→ K → G1 ∗G2 → G1 ×G2 → 1,
where K is the kernel of the homomorphism p : G1 ∗ G2 → G1 × G2.
By (1) of proposition 5.2 in [15] the FICwF
H?
∗
VC
is true for the product
G1×G2. Now by lemma 5.2 in [13] p−1(C) is a countable free group if
C is either the trivial group or an infinite cyclic subgroup of G1 ×G2.
Therefore we can apply the previous assertion and (b) of Lemma 3.4 to
the above exact sequence to complete the proof. 
4. Proof of Theorem 2.2
At first recall that by Lemma 3.3 B implies that the PH
?
∗
VC
-property is
satisfied. Therefore we can use Lemma 3.4, Corollary 3.1, Lemma 3.5
and Lemma 3.6 in the proof of the Theorem.
Proof of 1(a). Let Γ be a finitely generated virtually polycyclic group.
That is, Γ contains a (finitely generated) polycyclic subgroup of finite
index. Also a polycyclic group contains a poly-Z subgroup of finite
index (see 5.4.15 in [11]). Therefore by (a) of Lemma 3.4 it is enough
to prove the FICwF
H?
∗
VC
for poly-Z groups. Hence we assume that Γ is a
finitely generated poly-Z group. Now the proof is by induction on the
virtual cohomological dimension (vcd) of Γ.
8 S.K. ROUSHON
We need the following lemma which is easily deduced from lemma
4.1 and lemma 4.4 in [4].
Lemma 4.1. Let k=vcd(Γ). Then there is a short exact sequence of
groups.
1→ Γ′ → Γ→ A→ 1,
where Γ′ and A satisfy the following properties.
(a). Γ′ is a poly-Z group with vcd(Γ′)≤ k − 2.
(b). There is a short exact sequence.
1→ A′ → A→ B → 1,
where A′ contains a finitely generated free abelian subgroup of finite
index and B is either trivial or infinite cyclic or the infinite dihedral
group D∞.
Now assume that the FICwF
H?
∗
VC
is true for finitely generated poly-Z
groups of virtual cohomological dimension ≤ k − 1. Then apply the
hypothesis and (b) of Lemma 3.4 to the two exact sequences in Lemma
4.1. The details arguments are routine and we leave it to the reader.
This completes the proof of 1(a).
Proof of 1(b). Let Γ be a finitely generated virtually solvable subgroup
of GLn(C). Then Γ contains a finitely generated torsion free solvable
subgroup of finite index. Hence by (a) of Lemma 3.4 we can assume
that Γ is torsion free. By a theorem of Mal’cev ( see 15.1.4 in [11])
there are subgroups Γ2 < Γ1 < Γ with the following properties.
• Γ2 and Γ1 are normal in Γ.
• Γ2 is nilpotent.
• Γ1/Γ2 is abelian.
• Γ/Γ1 is finite.
Therefore we have the following exact sequences.
1→ Γ1/Γ2 → Γ/Γ2 → Γ/Γ1 → 1.
1→ Γ2 → Γ→ Γ/Γ2 → 1.
Since Γ is finitely generated and Γ/Γ1 is finite, it follows that Γ1 is also
finitely generated. Hence Γ1/Γ2 is finitely generated abelian. Con-
sequently Γ/Γ2 contains a finitely generated free abelian subgroup of
finite index. Since Γ2 is torsion free nilpotent it is poly-Z. Now using
1(a), B and (b) of Lemma 3.4 we complete the proof.
Proof of 2(a). We follow the structure of the proof of theorem 2.1 in [4].
So let Γ be a discrete cocompact subgroup of a virtually connected Lie
group G. First let us show that we can assume that the Lie group has
no nontrivial compact connected normal subgroup. So let C denotes
ALGEBRAIC K-THEORY 9
the maximal compact connected normal subgroup of G. Let Γ′ = q(Γ)
and F = Γ ∩ C where q : G → G/C is the quotient map. Then F
is a finite normal subgroup of Γ with quotient Γ′ which is a discrete
cocompact subgroup of the virtually connected Lie group G/C. Note
that G/C contains no nontrivial compact connected normal subgroup.
Applying (b) of Lemma 3.4 to the map q we see that the FICwF
H?
∗
VC
for
Γ′ implies the FICwF
H?
∗
VC
for Γ. Since if a group contains a finite normal
subgroup with infinite cyclic quotient then the group is virtually infinite
cyclic.
Therefore from now on we assume that G has no nontrivial compact
connected normal subgroup. Next we deduce that we can also assume
that the identity component Ge of G is a semisimple Lie group. By
the Levi decomposition we have that G contains a maximal closed con-
nected normal solvable subgroup R with quotient S which is a virtually
connected Lie group with the identity component Se semisimple. That
is we have the following exact sequence.
1→ R→ G→ S → 1.
Let ΓR = Γ ∩ R and ΓS = p(Γ), where p denotes the homomorphism
G→ S. Then we have the following (see 2.6 (a), (b) and (c) in [4]). A
short exact sequence
1→ ΓR → Γ→ ΓS → 1,
where ΓR is virtually poly-Z and discrete cocompact in R and ΓS is
discrete cocompact in S. Therefore using case 1(a) of the Theorem and
by (b) of Lemma 3.4 we see that it is enough to prove the FICwF
H?
∗
VC
for
ΓS.
Henceforth we assume that G has no nontrivial compact connected
normal subgroup and Ge is semisimple. Let H = {g ∈ G | gh = hg for
all h ∈ Ge} and q : G→ G/H be the quotient map. Then we have the
following (see 2.5 (a), (b), (c) and (d) in [4]).
1→ ΓH = H ∩ Γ→ Γ→ Γ
′ = q(Γ)→ 1,
where ΓH is a finite extension of a finitely generated abelian group,
Γ′ is a cocompact discrete subgroup of G/H and G/H is a virtually
connected linear Lie group such that the identity component of G/H
is semisimple. Now note that Γ′ acts cocompactly and properly dis-
continuously on a complete nonpositively curved Riemannian manifold
(namely on (G/H)/C, where C is maximal compact subgroup of G/H).
Hence by N the FICwFH
?
∗
VC
is true for Γ′. Since ΓH contains a finitely
generated free abelian subgroup of finite index, we can therefore apply
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1(a) of the Theorem and Lemma 3.4 to the above exact sequence to
complete the proof of 2(a).
Proof of 2(b). Let
Mn = {(x1, . . . , xn+1) ∈ C
n+1 | xi 6= xj , for i 6= j}.
Then the symmetric group Sn+1 acts on Mn freely. By definition the
Artin full braid group (denoted by Bn) on n strings is the fundamental
group of the manifold Mn/Sn+1 and the pure braid group is defined as
the fundamental group of Mn and is denoted by PBn. Hence PBn is a
normal subgroup of Bn with quotient Sn+1. Using (a) of Lemma 3.4 we
see that it is enough to prove the FICwF
H?
∗
VC
for PBn. The proof is by
induction on n. For n = 1, PBn ≃ Z and hence by Corollary 3.1 we can
start the induction. So assume the result for PBk for k ≤ n − 1. We
will show that the FICwF
H?
∗
VC
is true for PBn. Consider the following
projection map.
p : Mn →Mn−1
(x1, . . . , xn+1) 7→ (x1, . . . , xn).
This map is a locally trivial fiber bundle projection with fiber diffeo-
morphic to N = C−{n-points}. Therefore we have the following exact
sequence.
1→ pi1(N)→ PBn → PBn−1 → 1.
The following is easy to show.
• For an infinite cyclic subgroup C of PBn−1, p
−1
∗ (C) is isomor-
phic to pi1(Nf ) where Nf denotes the mapping torus of the mon-
odromy diffeomorphism f : N → N corresponding to a gener-
ator of C. It follows that Nf is diffeomorphic to the interior
of a compact Haken 3-manifold with incompressible boundary
components.
Note that all the boundary components of Nf could be Klein bottles.
In that case we can take a finite sheeted cover of Nf which is a Haken
3-manifold with incompressible tori boundary components.
Now we can apply (a) and (b) of Lemma 3.4, (b) of Lemma 3.5 and
(a) of Lemma 3.6 to complete the proof of 2(b).
Proof of 3(a). The proof goes in the same line as the proof of the
FICwFP
H?
∗
VC
for 3-manifold groups (see [13] and [14]).
First of all using L we can assume that the 3-manifold is compact.
Also applying (a) of Lemma 3.4 we can assume that the 3-manifold
is orientable and that all boundary components are orientable. So
let M be a compact orientable 3-manifold with orientable boundary.
If there is any sphere boundary then we can cap these boundaries
ALGEBRAIC K-THEORY 11
by 3-discs. This does not change the fundamental group. Therefore
we can assume that either M is closed or all boundary components
are orientable surfaces of genus ≥ 1. By lemma 3.1 in [13] pi1(M) ≃
pi1(M1)∗· · ·∗pi1(Mk)∗F r, whereMi is a compact orientable irreducible
3-manifold for each i = 1, 2, . . . , k and F r is a free group of rank r.
Hence applying Lemma 3.6 we are reduced to the situation of compact
orientable irreducible 3-manifold M . Also we can assume pi1(M) is
infinite as the FICwF
H?
∗
VC
is true for finite groups.
Now by Thurston’s Geometrization conjecture M has the following
possibilities.
• Closed Seifert fibered space.
• Haken manifold.
• Closed hyperbolic manifold.
Using N we only have to consider the first two cases. In the first
case there is an exact sequence.
1→ Z→ pi1(M)→ pi
orb
1 (S)→ 1,
where S is the base orbifold of the Seifert fibered space M . It is well
known that piorb1 (S) is either finite or contains a closed surface subgroup
of finite index. Now we can apply (c) of Lemma 3.5 and (a) and (b) of
Lemma 3.4 to complete the proof in this case.
For the Haken manifold situation let us first consider the nonempty
boundary case. By lemma 6.4 in [13] we have that pi1(M) ≃ pi1(M1) ∗
· · · ∗ pi1(Ml) ∗ F s, where each Mi is compact orientable irreducible and
has incompressible boundary and F s is a free group of rank s. We
apply (a) and (b) of Lemma 3.6, (b) of Lemma 3.5, theorem 1.1.1 in
[14], N and the hereditary property of the FICwFH
?
∗
VC
to complete the
proof in this case. (Recall here that the theorem 1.1.1 and the remark
1.1.1 in [14] say that the fundamental group of eachMi is a subgroup of
the fundamental group of a closed 3-manifold P which is either Seifert
fibered or supports a nonpositively curved metric.)
Finally we assume thatM is a closed Haken manifold. IfM contains
no incompressible torus then by Thurston’s hyperbolization theoremM
is hyperbolic. Hence using N and (a) of Lemma 3.5 we can assume that
M contains an incompressible torus and has no hyperbolic piece in the
JSJT decomposition. Therefore M is a graph manifold. By theorem
1.1 in [10] either M has a finite sheeted cover which is a torus bundle
over the circle or for any positive integer k there is a finite sheeted cover
Mk of M so that rank of H1(Mk,Z) is ≥ k. In the first possibility we
can apply 1(a) of the Theorem to complete the proof. For the second
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case let k ≥ 2 and consider the following exact sequence.
1→ [pi1(Mk), pi1(Mk)]→ pi1(Mk)→ H1(Mk,Z)→ 1.
By (a) of Lemma 3.4 it is enough to prove the FICwF
H?
∗
VC
for pi1(Mk).
We will apply (b) of Lemma 3.4 to the above exact sequence. So Let C
be either the trivial group or an infinite cyclic subgroup of H1(Mk,Z).
Then A−1(C) ≃ pi1(K) where K is a noncompact irreducible (being
an infinite sheeted covering of an irreducible 3-manifold) 3-manifold.
Here A denotes the homomorphism pi1(Mk) → H1(Mk,Z). Let K =
∪iKi where Ki’s are increasing union of non-simply connected compact
submanifold of K. By lemma 6.3 and lemma 6.4 in [13] we have that
pi1(Ki) ≃ pi1(M1)∗· · ·∗pi1(Ml)∗F s, where eachMi is compact orientable
irreducible and has incompressible boundary and F s is a free group of
rank s. Therefore we can use L, Lemma 3.6 and Haken manifold with
nonempty boundary case as in the previous paragraph to complete the
proof of 2(b).
Proof of 3(b). Let us recall the definition of weak strongly poly-surface
group.
Definition 4.1. [definition 1.2.1 in [14]] A discrete group Γ is called
weak strongly poly-surface if there exists a finite filtration of Γ by sub-
groups: 1 = Γ0 ⊂ Γ1 ⊂ · · · ⊂ Γn = Γ such that the following conditions
are satisfied:
• Γi is normal in Γ for each i.
• Γi+1/Γi is isomorphic to the fundamental group of a surface Fi
(say).
• for each γ ∈ Γ and i there is a diffeomorphism f : Fi → Fi
such that the induced automorphism f# of pi1(Fi) is equal to
cγ up to inner automorphism, where cγ is the automorphism of
Γi+1/Γi ≃ pi1(Fi) induced by the conjugation action on Γ by
γ.
In such a situation we say that the group Γ has rank ≤ n.
The proof is by induction on the rank n of the weak strongly poly-
surface group Γ. Therefore assume that the FICwF
H?
∗
VC
is true for all
weak strongly poly-surface group of rank ≤ n − 1 and let Γ has rank
n. Consider the following exact sequence.
1→ Γ1 → Γ→ Γ/Γ1 → 1.
The followings are easy to verify.
• Γ/Γ1 is weak strongly poly-surface and has rank ≤ n− 1.
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• q−1(C) is either a surface group or isomorphic to the fundamen-
tal group of a 3 manifold, where C is either the trivial group or
an infinite cyclic subgroup of Γ/Γ1 respectively.
Now we can apply the induction hypothesis, (b) of Lemma 3.4, (c)
of Lemma 3.5 and 3(a) of the Theorem to show that the FICwF
H?
∗
VC
is
true for Γ.
Proof of 3(c). Let Γ be an extension of a closed surface group by a
surface group. Hence we have the following.
1→ pi1(S)→ Γ→ pi1(S
′)→ 1
where S is a closed surface and S ′ is a surface.
Using (a) of Lemma 3.4 and (c) of Lemma 3.5 we can assume that
pi1(S
′) is not finite (and hence torsion free). Also since extension of fi-
nite group by infinite cyclic group is virtually cyclic we can also assume
that pi1(S) is infinite (and hence again torsion free). Recall that an au-
tomorphism of a closed surface group is induced by a diffeomorphism of
the surface. Hence for any infinite cyclic subgroup C of pi1(S
′), p−1(C)
is isomorphic to the fundamental group of a 3-manifold. Therefore we
can apply (b) of Lemma 3.4 and 3(a) of the Theorem to complete the
proof of 3(c).
Proof of 3(d). Let Γ = pi1(M)⋊Z, where M is a closed Seifert fibered
space. Using (b) of Lemma 3.2 and (a) of Lemma 3.4 we can assume
that M and its base surface S are both orientable. This implies that
the cyclic subgroup (say C) of pi1(M) generated by a regular fiber is
central (see [7]). Now if piorb1 (S) is finite then Γ is virtually poly-Z.
Therefore using case 1(a) of the Theorem we can assume that piorb1 (S)
is infinite and hence C is also infinite cyclic. Since C is central we have
the following exact sequence.
1→ Z→ pi1(M)⋊ Z→ pi
orb
1 (S)⋊ Z→ 1.
As piorb1 (S) is infinite, it contains a closed surface subgroup of finite
index. Now using (b) of Lemma 3.2 it is easy to find a characteristic
closed surface subgroup of piorb1 (S) of finite index. Therefore pi
orb
1 (S)⋊Z
contains a 3-manifold group of finite index. Now we can apply (a) and
(b) of Lemma 3.4 and 1(a) and 3(a) of the Theorem to complete the
proof of 3(d).
This completes the proof of Theorem 2.2.
14 S.K. ROUSHON
References
[1] A. Bartels and W. Lu¨ck, Isomorphism Conjecture for homotopy K-theory and
groups acting on trees, preprintreihe, SFB 478 - Geometrische Strukturen in
der Mathematik, Heft 343, 2004, Universita¨t Mu¨nster, Mu¨nster, Germany. to
appear in J. Pure Appl. Algebra.
[2] A. Bartels and H. Reich, On the Farrell-Jones Conjecture for higher algebraic
K-theory, J. Amer. Math. Soc., 18 (2005), no. 3, 501-545.
[3] E. Berkove, D. Juan-Pineda and Q. Lu, Algebraic K-theory of mapping class
groups, K-theory, 32 (2004) 83-100.
[4] F.T. Farrell and L.E. Jones, Isomorphism conjectures in algebraic K-theory,
J. Amer. Math. Soc., 6 (1993), 249-297.
[5] F.T. Farrell and P.A. Linnell, K-Theory of solvable groups, Proc. London Math.
Soc. (3), 87 (2003), 309-336.
[6] F.T. Farrell and Sayed K. Roushon The Whitehead groups of braid groups
vanish, Internat. Math. Res. Notices, no. 10 (2000), 515-526.
[7] J. Hempel 3-manifolds, Annals of Mathematics Studies, Princeton University
Press, 1976.
[8] B. Leeb, 3-manifolds with(out) metrices of nonpositive curvature, Invent.
Math., 122 (1995), 277-289.
[9] W. Lu¨ck and H. Reich, The Baum-Connes and the Farrell-Jones Conjectures in
K- and L-theory, Handbook of K-theory Volume 2, editors: E.M. Friedlander,
D.R. Grayson, (2005) 703-842, Springer.
[10] J. Luecke, Finite covers of 3-manifolds containing essential tori, Trans. of
Amer. Math. Soc., 310 (1988), 381-391.
[11] Derek J.S. Robinson, A course in the theory of groups, second ed., Springer-
Verlag, New York, 1996.
[12] S.K. Roushon, The Fibered isomorphism conjecture for complex manifolds, to
appear in Acta Mathematica Sinica, English Series, math.GT/0209119.
[13] , The Farrell-Jones isomorphism conjecture for 3-manifold groups,
math.KT/0405211, accepted for publication in K-theory.
[14] , The isomorphism conjecture for 3-manifold groups and K-theory of
virtually poly-surface groups, math.KT/0408243, accepted for publication in
K-theory.
[15] , On the isomorphism conjecture for groups acting on trees, submitted,
math.KT/0510297.
School of Mathematics, Tata Institute, Homi Bhabha Road, Mumbai
400005, India
E-mail address : roushon@math.tifr.res.in
URL: http://www.math.tifr.res.in/~ roushon/paper.html
